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The complex network community asks questions of the form
“What are the conditions on the coupling and the dissimilarity
such that a synchronizing behavior emerges?” Similar questions
also appear in all the aforementioned applications, for instance,
in large-scale electrical power systems. Because synchronization
is pervasive in the operation of an interconnected power grid,
a central question is “Under which conditions on the network
parameters and topology, the current load profile, and power
generation does there exist a synchronous operating point (26,
27), when is it optimal (28), when is it stable (29, 30), and how
robust is it (31–34)?” A local loss of synchrony can trigger cas-
cading failures and possibly result in widespread blackouts. In
the face of the complexity of future smart grids and the inte-
gration challenges posed by renewable energy sources, a deeper
understanding of synchronization is increasingly important.
Despite the vast scientific interest, the search for sharp, con-

cise, and closed-form synchronization conditions for coupled
oscillator models of the form shown in [1] has been in vain so far.
Loosely speaking, synchronization occurs when the coupling
dominates the dissimilarity. Various conditions have been pro-
posed to quantify this tradeoff (21, 23–25, 30, 35–36). The cou-
pling is typically quantified by the nodal degree or the algebraic
connectivity of the graph G, and the dissimilarity is quantified
by the magnitude or the spread of the natural frequencies ωi.
Sometimes, these conditions can be evaluated only numerically
because they depend on the network state (33, 34) or arise from
a nontrivial linearization process, such as the Master stability
function formalism (23, 24). To date, exact synchronization con-
ditions are known only for simple coupling topologies (17, 21, 37,
38). For arbitrary topologies, only sufficient conditions are known
(25, 30, 33–35), as well as numerical investigations for random
networks (39–41). Simulation studies indicate that the known
sufficient conditions are very conservative estimates on the thresh-
old from incoherence to synchrony. Literally, every review article
on synchronization concludes emphasizing the quest for exact
synchronization conditions for arbitrary network topologies and
parameters (19–21, 23–25). In this article, we present a concise
and sharp synchronization condition that features elegant graph-
theoretical and physical interpretations.

Synchronization Condition
For the coupled oscillator model [1] and its applications, the
following notions of synchronization are appropriate. First, a
solution has synchronized frequencies if all frequencies θ_ i are
identical to a common constant value ωsync. If a synchronized
solution exists, it is known that the synchronization frequency is
ωsync =

Pn
k=1ωk=

Pn
k=1Dk and that by working in a rotating ref-

erence frame, one may assume ωsync = 0. Second, a solution has
cohesive phases if every pair of connected oscillators has a phase

distance smaller than some angle γ ∈ [0, π/2[, that is, jθi − θjj ≤ γ
for every edge {i, j} ∈ E.
Based on a previously unexplored analysis approach to the

synchronization problem, we propose the following synchroni-
zation condition for the coupled oscillator model [1].

Synchronization Condition. The coupled oscillator model [1] has a
unique and stable solution θ* with synchronized frequencies and
cohesive phases jθ*

i
− θ*

j
j≤ γ < π=2 for every connected pair of con-

nected oscillators {i, j} ∈ E if
!!L†ω

!!
E;∞ ≤ sinðγÞ: [2]

Here, L† is the pseudoinverse of the network Laplacian matrix L
and kxkE;∞ =maxfi;jg∈ Ejxi − xjj is the worst-case dissimilarity for x =
(x1, . . ., xn) over the edges E.
We establish the broad applicability of the proposed condition

[2] to various classes of networks via analytical and statistical
methods in the next section. Before that, we provide some equiv-
alent formulations for the proposed condition [2] to develop
deeper intuition and obtain insightful conclusions.

Complex Network Interpretation. Surprisingly, topological or spec-
tral connectivity measures, such as nodal degree or algebraic
connectivity, are not key to synchronization. In fact, these often
advocated connectivity measures (23–25, 30, 33–35) turn out to
be conservative estimates of the synchronization condition [2].
This statement can be seen by introducing the matrix U of or-
thonormal eigenvectors of the network Laplacian matrix L with
corresponding eigenvalues 0 = λ1 < λ2 ≤ . . . ≤ λn. From this
spectral viewpoint, condition [2] can be equivalently written as

!!U diag ð0; 1=λ2; . . . ; 1=λnÞ ·
"
UTω

#!!
E;∞ ≤ sinðγÞ: [3]

In words, the natural frequencies ω are projected on the network
modes U, weighted by the inverse Laplacian eigenvalues, and
k  ·  kE;∞ evaluates the worst-case dissimilarity of this weighted
projection. A sufficient condition for the inequality [3] to be true
is the algebraic connectivity condition λ2 ≥  kωkE;∞ · sinðγÞ. Like-
wise, a necessary condition for inequality [3] is 2 · degðGÞ≥
λn ≥ kωkE;∞ · sinðγÞ, where deg(G) is the maximum nodal degree
in the graphG(V, E, A). Clearly, compared with [3], this sufficient
condition and this necessary condition feature only one of n − 1
nonzero Laplacian eigenvalues and are overly conservative.

Kuramoto Oscillator Perspective. Notice that in the limit γ → π/2,
condition [2] suggests that there exists a stable synchronized
solution if

!!L†ω
!!
E;∞ < 1: [4]

For classic Kuramoto oscillators coupled in a complete graph
with uniform weights aij = K/n, the synchronization condition [4]
reduces to the condition K >maxi;j∈f1;...;ngjωi −ωjj, known for the
classic Kuramoto model (21).

Power Network Perspective. In power systems engineering, the
equilibrium equations of the coupled oscillator model [1], given
by ωi =

Pn
j=1aij sinðθi − θjÞ, are referred to as the AC power flow

equations, and they are often approximated by their linearization
ωi =

Pn
j=1aijðθi − θjÞ (31–34), known as the DC power flow

equations. In vector notation, the DC power flow equations read
as ω = Lθ and their solution satisfies maxfi;jg ∈  Ejθi − θjj=
kL†ωkE;∞. According to condition [2], the worst phase distance
kL†ωkE;∞ obtained by the DC power flow equations needs to be
less than or equal to sin(γ) such that the solution to the AC
power flow equations satisfies maxfi;jg ∈ Ejθi − θjj≤ γ. Hence, our

A B

C

Fig. 1. Mechanical analog of a coupled oscillator network (A) and its dy-
namics in a strongly coupled network (B) and a weakly coupled network (C).
With the exception of the coupling weights aij, all parameters in simulations
B and C are identical.

2 of 6 | www.pnas.org/cgi/doi/10.1073/pnas.1212134110 Dörfler et al.

Figure 1: From Dörfler et al. Synchronization in complex oscillator networks and smart
grids. PNAS 2013.

1. [15pts] Consider two masses evolving on a unitary circle (radius=1) and connected
by a linear spring with coefficient a12 (see Figure 1, where you should neglect the
third mass (labeled as ω3), and the springs labeled as a13, a23). A torque τi is applied
to mass i, i = 1, 2, resulting in a circular motion of the mass. The variables ϕ1, ϕ2

are the angular displacements, ω1, ω2, the resulting angular velocities and J1, J2 the
moment of inertia of the two rotating masses. Gravity and friction are neglected in
this exercise.

(a) [2pts] Determine the generalized displacement vector q.

(b) [2pts] Determine the kinetic co-energy T ∗(q, q̇) of the system (this is the kinetic
co-energy of the two rotating masses).

(c) [2pts] Determine the potential energy V (q) of the system (this is the potential
energy stored in the spring).
Hint The chord of an angle θ is the length of the chord between two points on
a unit circle separated by that angle. The chord length crd is given by

crd = 2 sin
θ

2
.

(d) [2pts] Determine the vector F of external generalized forces.

(e) [1pt] Determine the Lagrangian of the system.

(f) [6pts] Determine the equations of motion of the system.

(g) [5pts] (Bonus) Determine the equations of motion of the system in Figure 1
considering all the three masses and the three springs.
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2. [15pts] Consider the model of an inverted pendulum as discussed in your textbook
(Example 4.4 and Exercise 4.91) but with no friction (c = 0)

θ̈ = sin θ + u cos θ,

where θ is the angle between the pendulum and the vertical axis and the control
input u is the acceleration of the pivot.
Apply the swing-up control

u = K(V0 − V )θ̇ cos θ,

where K,V0 are constant parameters and V is the energy function

V (θ, θ̇) = cos θ − 1 +
1

2
θ̇2

(a) [1pt] Write the closed-loop system as a function of the state variables θ, θ̇,
i.e. the system obtained by replacing the expression of u into the equations of
the inverted pendulum.

(b) [3pts] Choose the state variables x1, x2 and express the system you obtained in
the question above as a system of first-order non-linear differential equations

ẋ = f(x).

Write f(x) explicitly.

(c) [2pts] Compute all the equilibrium points xe.

(d) [3pts] Compute the Jacobian matrix ∂f(x)
∂x

associated with the vector field f(x).

(e) [2pts] Compute the Jacobian matrix ∂f(x)
∂x

at the equilibrium points x = xe.
How many dynamic matrices A of the linearized systems do you obtain? Pro-
vide an expression for all the matrices.

(f) [4pts] Discuss the stability of the dynamic matrix A corresponding to the
equilibrium given by the upright position (θ = 0). Do there exist values of
K,V0 for which the origin of the linearized system is asymptotically stable?
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1The textbook is not needed to solve the exercise.
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3. [15pts] Consider a compartmental model for drug administration given by

ẋ = Ax+Bu =

[
−k0 − k1 k1

k2 −k2

]
x+

[
b0
0

]
u

y = Cx =
[

0 1
]
x

where k0, k1, k2 are parameters, x1 ∈ R is the drug concentration in the blood
plasma, x2 ∈ R is is the drug concentration in the tissue, and u ∈ R is the flow rate
of the drug.

(a) [2pts] Determine the reachability matrix Wr. For what values of the parame-
ters k0, k1, k2 and b0 is the system reachable?

(b) [2pts] Determine the reachable canonical form of the state space equation.

(c) [2pts] Determine the reachability matrix W̃r of the reachable canonical form.

(d) [4pts] Set k0 = k1 = k2 = 1 and b0 = 1. Determine the gain matrix K
such that the eigenvalues of A−BK are {−1,−1}. What is the characteristic
polynomial corresponding to the eigenvalues {−1,−1}?

(e) [2pts] Determine the characteristic polynomial of the matrix A − BK. Does
it coincide with the characteristic polynomial determined in (d)?

(f) [3pts] Determine the value kr and K in the feedback law

u = −Kx+ krr

such that the drug concentration in the tissue converges asymptotically to 1.

(g) [5pts] (Bonus) Consider a new dynamical system

ẋ = Ax+Bu =

[
−2 1
1 −1

]
x+

[
1
0

]
u

y = Cx =
[

1 0
]
x

(1)

Design a gain L such that the eigenvalues of A− LC are {−1,−1} and use it
to design a state estimator (observer) for the system (1).
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244 CHAPTER 8. TRANSFER FUNCTIONS
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Figure 8.7: Block diagram of a feedback system. The inputs to the system are the reference
signal r, the process disturbance d and the measurement noise n. The remaining signals in
the system can all be chosen as possible outputs, and transfer functions can be used to relate
the system inputs to the other labeled signals.

Control System Transfer Functions

Consider the system in Figure 8.7, which was given at the beginning of the chapter.
The system has three blocks representing a process P, a feedback controllerC and a
feedforward controller F . Together,C and F define the control law for the system.
There are three external signals: the reference (or command signal) r, the load
disturbance d and the measurement noise n. A typical problem is to find out how
the error e is related to the signals r, d and n.
To derive the relevant transfer functions we assume that all signals are expo-

nential signals, drop the arguments of signals and transfer functions and trace the
signals around the loop. We begin with the signal in which we are interested, in
this case the control error e, given by

e= Fr− y.

The signal y is the sum of n and η , where η is the output of the process:

y= n+η , η = P(d+u), u=Ce.

Combining these equations gives

e= Fr− y= Fr− (n+η) = Fr−
(
n+P(d+u)

)

= Fr−
(
n+P(d+Ce)

)
,

and hence
e= Fr−n−Pd−PCe.

Finally, solving this equation for e gives

e=
F

1+PC
r− 1

1+PC
n− P

1+PC
d = Gerr+Genn+Gedd, (8.18)

and the error is thus the sum of three terms, depending on the reference r, the
measurement noise n and the load disturbance d. The functions

Ger =
F

1+PC
, Gen =

−1
1+PC

, Ged =
−P
1+PC

(8.19)

are transfer functions from reference r, noise n and disturbance d to the error e.

Figure 2: Negative feedback block diagram considered in Problem 4, with F (s) = 1.

4. [16pts] You are requested to design a servomechanism (feedback controller) for the
angular positioning of a mechanical system described by the equations

Jθ̈ = −kθ̇ + u

with measured output
y = θ,

and where J, k are positive parameters.

(a) [2pts] Given the choice of variables x1 = θ, x2 = θ̇, determine the state space
representation

ẋ = Ax+Bu
y = Cx+Du.

Write the matrices A,B,C,D.

(b) [3pts] Determine the transfer function P (s) of the system.

(c) [3pts] Consider the negative feedback control system in Figure 2, with

F (s) = 1, n = 0, d = 0.

Let P (s) be as in the previous question and C(s) be the P controller

C(s) = kp.

Determine all the values of the gain kp such that the closed-loop system is
asymptotically stable. Note that you can expect these values to depend on the
parameters J, k.
Hint If you could not find any transfer function in (b) let P (s) = s

s2+1
.

(d) [2pts] Determine the transfer function Gyr(s) from the reference r to the
output y and the the steady state output response to a step reference input
when n = d = 0.

(e) [2pts] For this question and the following one, let kp be a parameter (hence,
if you did not determine the values of kp in the previous question, you can
still answer these questions). Determine the transfer function Gyn(s) from the
noise n to the output y and the steady state output response to a step noise n
when r = d = 0.

9



(f) [2pts] Determine the transfer function Gyd(s) from the load disturbance d to
the output y and the steady state output response to a step load disturbance
d when r = n = 0.

(g) [2pts] Suppose that the output response to a step reference is required to have
a rise time of 0.9 units of time and an overshoot of 0%. What should the
coefficients ζ and ω0 be in the denominator s2 + 2ζω0s+ ω2

0 of the closed-loop
transfer function?

(h) [3pts] (Bonus) Consider now a PID controller

C(s) =
ki + kps+ kds

2

s
.

Determine the parameters kp, kd, ki in such a way that the closed-loop system
transfer function has the denominator equal to

(s2 + 2ζω0s+ ω2
0)(s+ a)

where a = 5ζω0.

(i) [2pts] (Bonus) Determine the steady state output response to a step load
disturbance d when the controller is a PID and when r = n = 0.
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5. [15pts] Consider a negative feedback system as in Figure 2, where the process
transfer function is

P (s) =
1

(s+ 1)(s+ 5)
.

(a) [4pts] Design a controller C(s) with as little number of poles as possible such
that the closed-loop system has

i. a zero steady state error response to a step input and

ii. a constant esteady steady state error response to a ramp input such that
|esteady| ≤ 0.5.

(b) [2pts] Suppose that the resulting open-loop transfer function L(s) = C(s)P (s)
has the Bode diagrams represented in Figure 3. Using the detailed (magnified)
Bode diagrams in Figure 4, determine the gain crossover frequency ωgc and the
phase ∠L(iωgc).

(c) [5pts] Using the Bode diagrams represented in Figure 3, qualitatively draw the
corresponding Nyquist plot. Determine whether the system is asymptotically
stable giving P,N,Z (P the number of poles of P (s) with positive real parts,
N the net number of clockwise encirclements of −1, Z the number of poles of
the closed-loop system with positive real parts). Explain.

(d) [2pts] Determine the phase margin.

(e) [2pts] Determine the gain margin.

(f) [5pts] (Bonus) Consider the Bode diagrams of S(s) = 1/(1+L(s)) represented
in Figure 5 and 6. Compute the gain and (the approximate) phase of the
closed-loop system at the frequency ω = 1. Suppose that the reference signal
is r(t) = sin(t). Compute the steady state error response of the closed-loop
system to such a reference signal.

PLEASE GO TO PAGE 15 FOR ADDITIONAL SPACE
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!
This is an easy way to box text within a document!

12



−100

−80

−60

−40

−20

0

20

40

60

M
ag

ni
tu

de
 (

dB
)

10
−2

10
−1

10
0

10
1

10
2

−270

−225

−180

−135

−90

P
ha

se
 (

de
g)

Bode Diagram

Frequency  (rad/sec)

Figure 3: Bode diagram of the closed-loop transfer function L(s) = C(s)P (s).
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Figure 4: Magnified picture of the Bode diagram of the loop transfer function L(s) =
C(s)P (s).
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Figure 5: Bode diagram of transfer function 1
1+L(s)
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Figure 6: Magnified picture of the Bode diagram of transfer function 1
1+L(s)
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